Abstract. In this paper, we associate a dual quasi-bialgebra, called bosonization, to every dual quasi-bialgebra H and every bialgebra R in the category of Yetter-Drinfeld modules over H. Then, using the fundamental theorem, we characterize as bosonizations the dual quasibialgebras with a projection onto a dual quasi-bialgebra with a preantipode. As an application we investigate the structure of the graded coalgebra grA associated to a dual quasi-bialgebra A with the dual Chevalley property (e.g. A is pointed).
Introduction
Let H be a bialgebra. Consider the functor T := (−)⊗H : M → M H H from the category of vector spaces to the category of right Hopf modules. It is well-known that T determines an equivalence if and only if H has an antipode i.e. it is a Hopf algebra. The fact that T is an equivalence is the so-called fundamental (or structure) theorem for Hopf modules, which is due, in the finitedimensional case, to Larson and Sweedler, see [LS, Proposition 1, page 82] . This result is crucial in characterizing the structure of bialgebras with a projection as Radford-Majid bosonizations (see [Ra] ). Recall that a bialgebra A has a projection onto a Hopf algebra H if there exist bialgebra maps σ : H → A and π : A → H such that π • σ = Id H . Essentially using the fundamental theorem, one proves that A is isomorphic, as a vector space, to the tensor product R ⊗ H where R is some bialgebra in the category H H YD of Yetter-Drinfeld modules over H. This way R ⊗ H inherits, from A, a bialgebra structure which is called the Radford-Majid bosonization of R by H and denoted by R#H. It is remarkable that the graded coalgebra grA associated to a pointed Hopf algebra A (here "pointed" means that all simple subcoalgebras of A are one-dimensional)
A as the tensor product R ⊗ H of some vector space R by H. Indeed, in Theorem 5.7, we prove that the dual quasi-bialgebra structure inherited by R ⊗ H through the claimed isomorphism is exactly the bosonization of R by H. The analogous of this result for quasi-Hopf algebras, anything but trivial, has been established by Bulacu and Nauwelaerts in [BN] , but their proof can not be adapted to dual quasi-bialgebras with a preantipode.
In Section 6 we collect some applications of our results. Let A be a dual quasi-bialgebra with the dual Chevalley property and coradical H. Since A is an ordinary coalgebra, we can consider the associated graded coalgebra grA. In Proposition 6.3, we prove that grA fits into a dual quasibialgebra with projection onto H. As a consequence, in Corollary 6.4, under the further assumption that H has a preantipode, we show that there is a bialgebra R in H H YD such that grA is isomorphic to R#H as a dual quasi-bialgebra. When A is a pointed dual quasi-Hopf algebra it is in particular a dual quasi-bialgebra with the dual Chevalley property and its coradical has a preantipode. Using this fact, in Theorem 6.10 we obtain that grA is of the form R#kG (A) as dual quasi-bialgebra, where R is the so-called diagram of A.
Preliminaries
In this section we recall the definitions and results that will be needed in the paper.
Notation 2.1. Throughout this paper k will denote a field. All vector spaces will be defined over k. The unadorned tensor product ⊗ will denote the tensor product over k if not stated otherwise.
Monoidal Categories.
Recall that (see [Ka, Chap. XI] ) a monoidal category is a category M endowed with an object 1 ∈ M (called unit ), a functor ⊗ : M × M → M (called tensor product ), and functorial isomorphisms a X,Y,Z : (X ⊗ Y ) ⊗ Z → X ⊗ (Y ⊗ Z), l X : 1 ⊗ X → X, r X : X ⊗ 1 → X, for every X, Y, Z in M. The functorial morphism a is called the associativity constraint and satisfies the Pentagon Axiom, that is the equality (U ⊗ a V,W,X ) • a U,V ⊗W,X • (a U,V,W ⊗ X) = a U,V,W ⊗X • a U⊗V,W,X holds true, for every U, V, W, X in M. The morphisms l and r are called the unit constraints and they obey the Triangle Axiom, that is (V ⊗ l W ) • a V,1,W = r V ⊗ W , for every V, W in M.
The notions of algebra, module over an algebra, coalgebra and comodule over a coalgebra can be introduced in the general setting of monoidal categories. Given an algebra A in M one can define the categories A M, M A and A M A of left, right and two-sided modules over A respectively. Similarly, given a coalgebra C in M, one can define the categories of C-comodules C M, M C , C M C . For more details, the reader is refereed to [AMS1] .
Let M be a monoidal category. Assume that M is abelian and both the functors X ⊗ (−) : M → M and (−) ⊗ X : M → M are additive and right exact, for any X ∈ M. Given an algebra A in M, there exist a suitable functor ⊗ A : A M A × A M A → A M A and constraints that make the category ( A M A , ⊗ A , A) monoidal, see [AMS1, 1.11 ]. The tensor product over A in M of a right A-module (V, µ r V ) and a left A-module (W, µ l W ) is defined to be the coequalizer:
Note that, since ⊗ preserves coequalizers, then V ⊗ A W is also an A-bimodule, whenever V and W are A-bimodules.
Dually, given a coalgebra (C, ∆, ε) in a monoidal category M, abelian and with additive and left exact tensor functors, there exist a suitable functor C :
C and constraints that make the category ( C M C , C , C) monoidal. The cotensor product over C in M of a right C-comodule (V, ρ r V ) and a left C-comodule (W, ρ l W ) is defined to be the equalizer:
Note that, since ⊗ preserves equalizers, then V C W is also a C-bicomodule, whenever V and W are C-bicomodules.
Definition 2.3. A dual quasi-bialgebra is a datum (H, m, u, ∆, ε, ω) where
• (H, ∆, ε) is a coassociative coalgebra; • m : H ⊗ H → H and u : k → H are coalgebra maps called multiplication and unit respectively; we set 1 H := u(1 k ); • ω : H ⊗ H ⊗ H → k is a unital 3-cocycle i.e. it is convolution invertible and satisfies
• m is quasi-associative and unitary i.e. it satisfies
ω is called the reassociator of the dual quasi-bialgebra.
A morphism of dual quasi-bialgebras (see e.g. [Sch1, Section 2])
It is an isomorphism of quasi-bialgebras if, in addition, it is invertible. A dual quasi-subbialgebra of a dual quasi-bialgebra (
is a quasi-bialgebra (H, m, u, ∆, ε, ω) such that H is a vector subspace of H ′ and the canonical inclusion α : H → H ′ yields a morphism of dual quasi-bialgebras.
2.1. The category of bicomodules for a dual quasi-bialgebras. Let (H, m, u, ∆, ε, ω) be a dual quasi-bialgebra. It is well-known that the category M H of right H-comodules becomes a monoidal category as follows. Given a right H-comodule V , we denote by ρ = ρ
The tensor product of two right H-comodules V and W is a comodule via diagonal coaction i.e. ρ (v ⊗ w) = v 0 ⊗ w 0 ⊗ v 1 w 1 . The unit is k, which is regarded as a right H-comodule via the trivial coaction i.e. ρ (k) = k ⊗ 1 H . The associativity and unit constraints are defined, for all U, V, W ∈ M H and u ∈ U, v ∈ V, w ∈ W, k ∈ k, by
The monoidal category we have just described will be denoted by (M H , ⊗, k, a H , l, r). Similarly, the monoidal categories ( 
Remark 2.9. Let τ : M → M coH be a k-linear map such that (8) holds. By [AP, Remark 3.4 ], the map τ fulfills (9) if and only if it fulfills (6) and (7).
Definition 2.10. Following [AP, Definition 3 .6] we will say that a preantipode for a dual quasibialgebra (H, m, u, ∆, ε, ω) is a k-linear map S : H → H such that, for all h ∈ H,
Remark 2.11. [AP, Remark 3.7] Let (H, m, u, ∆, ε, ω, S) be a dual quasi-bialgebra with a preantipode. Then the following equalities hold
Lemma 2.12. [AP, Lemma 3.8] Let (H, m, u, ∆, ε, ω, S) be a dual quasi-bialgebra with a preantipode.
Then (14) defines a map τ : M → M coH which fulfills (6), (7) and (8).
Theorem 2.13. [AP, Theorem 3.9 ] For a dual quasi-bialgebra (H, m, u, ∆, ε, ω) the following are equivalent.
is an equivalence of categories.
(ii) There exists a preantipode.
We include here some new results that will be needed later on in the paper.
Lemma 2.14. Let (H, m, u, ∆, ε, ω, S) be a dual quasi-bialgebra with a preantipode. Then
and
= εS (h) .
By the cocycle condition we have α = β. 
In [AP, Theorem 3 .10], we proved that any dual quasi-Hopf algebra has a preantipode. The following result proves that the converse holds true whenever H is also cocommutative. 
Furthermore (H, m, u, ∆, ε, ω, α, β, s) is a dual quasi-Hopf algebra, where α := ε and β := εS. Moreover one has S = β * s.
Proof. By (3), cocommutativity and convolution invertibility of ω, we get that (hk)l = h(kl) for all h, k, l ∈ H. Therefore m is associative and hence (H, m, u, ∆, ε) is an ordinary bialgebra. Let us check that s is an antipode for H. Using cocommutativity, (10) and (12) one proves that
is an ordinary Hopf algebra. Note that, for all h ∈ H,
Let us check that (H, m, u, ∆, ε, ω, α, β, s) is a dual quasi-Hopf algebra. For all h ∈ H,
= h 1 S(h 2 )
= 1 H ε (h) . Now, since (H, m, u, ∆, ε, s) is an ordinary Hopf algebra, we have that s is an anti-coalgebra map. Thus
= 1 H ε (h) .
Definition 2.17. A dual quasi-bialgebra (A, m, u, ∆, ε, ω) is called pointed if the underlying coalgebra is pointed, i.e. all its simple subcoalgebras are one dimensional.
Hence there exists a unique morphism ξ U,M :
We now check that ξ U,M is invertible. Define
The proof that ξ
It is easy to check that α U,V is right H-colinear. Moreover the 3-cocycle condition (1) yields
On the one hand we have
On the other hand
Summing up, we have proved that
In particular, we have
where T :
• is the functor of 2.6. Now, consider on H ⊗F (M ) the following new structures
We have so proved that α H,M can be regarded as a morphism in 
where
. First note that, using (27) and (1) one checks that
Thus we have to prove that (28) holds on elements of the form (h ⊗ k) ⊗ (m ⊗ 1 H ).
We have
Finally one checks that, for each morphism f :
Lemma 3.7. Let (H, m, u, ∆, ε, ω, S) be a dual quasi-bialgebra with a preantipode. The functor
By associativity we have
Hence, we obtain
By applying M ⊗ ε H on both sides, we arrive at (20). Moreover, by (9), we have 1 H ⊲ m = τ (m) = m and
We have so proved that G(M ) ∈ H H YD. Now it is easy to verify that for every g : 
Now let us check the compatibility of η with ⊲ . For N ∈ H H YD and n ∈ N,
Monoidal equivalences
In this section we prove that the equivalence between the categories 
Proof. See e.g. [AMS1, Theorem 1.12].
Proof. It is left to the reader.
Definition 4.3. We recall that a lax monoidal functor
between two monoidal categories consists of
commutes and the following conditions are satisfied:
The morphisms φ 2 (U, V ) and φ 0 are called structure morphisms. Colax monoidal functors are defined similarly but with the directions of the structure morphisms reversed. A strong monoidal functor or simply a monoidal functor is a lax monoidal functor with invertible structure morphisms.
Lemma 4.4. Let (H, m, u, ∆, ε, ω) be a dual quasi-bialgebra. The functor F :
which are defined, for every u ∈ U, v ∈ V, h, k ∈ H, by
Proof. Let us check that ϕ 0 is a morphism in 
H , where U ⊗ F (V ) has the structure described in Lemma 3.4 for M = F (V ) .
U,V fulfills (4.4). In order to check the commutativity of the diagram (30) it suffices to prove the following equality:
2 (U, V ⊗W ) Since these maps are right H-linear, it suffices to check this equality on elements of the form (u ⊗ (v ⊗ w)) ⊗ 1 H , where u ∈ U, v ∈ V, w ∈ W . This computation and the ones of (31) and (32) are straightforward.
We now compute explicitly the braiding induced on 
Proof. First of all, for any U, V ∈ H H YD, let us consider the following composition:
This map is right H-linear, so, if we compute
we obtain
Now, using the map λ U,V , we construct the braiding of 
Next aim is to prove that the equivalence between the categories 
where, for sake of brevity we just wrote m H n in place of the more precise i m i H n i . We want to endow H H M H H with a monoidal structure, following the dual version of [HN] (see also [Sch3, Definition 3.2] ). The definition of the claimed structure is given in such a way that the forgetful functor
H is a strict monoidal functor. Hence the constraints are induced by the ones of H M H (i.e. b L,M,N ,l M and r M ), and the tensor product is given by M H N with structures
The unit of the category is H endowed with the following structures:
The following result is similar to 2) in Lemma 3.4. 
Proof. The proof is straightforward and is based on the fact that (v
Proof. Since ψ 0 = ϕ 0 as in Lemma 4.4, we already know that ψ 0 is an isomorphism in 
where U ⊗ F (V ) has the structure described in Lemma 3.4 for M = F (V ) . Hence it makes sense to consider the composition ψ 2 (U,
. In order to check the commutativity of the diagram (30) it suffices to prove the following equality:
By right H-linearity, it suffices to check the displayed equality for h = 1 H . The proof of this fact and of (31) and (32) is straightforward.
If H has a preantipode, the functor F of Lemma 4.8 is an equivalence. As a consequence, its adjoint G is monoidal too. For future reference we include here its explicit monoidal structure.
Lemma 4.9. Let (H, m, u, ∆, ε, ω, S) be a dual quasi-bialgebra with a preantipode. The right adjoint G :
Proof. Apply [AMS2, Proposition 1.4] to the functor F . Then G is monoidal with structure morphisms
A direct computation shows that they are the desired maps. The inverse of ψ
We can also compute κ(U, V )
Clearly, by Remark 4.10, ϑ 2 (M, N ) −1 fulfills (36). Moreover, using (8), one gets
It is straightforward to check that ϑ −1 2 makes commutative the diagram (30) and that (31) and (32) hold. Let us check that (37) holds:
The following result is similar to [Sch3, Proposition 3.11] .
(2) Let C be a coalgebra in M. Assume that the tensor functors are additive and left exact. Then the forgetful functor
is a colax monoidal functor with structure morphisms
where ζ 2 is the canonical monomorphism and ζ 0 is the counit of C.
Moreover, for all M ∈ A M A , we have
We have so proved that D is a lax monoidal functor.
2) It follows by dual arguments.
Let us consider on B := F (R) = R ⊗ H the following structures:
From the fact that B, ∆ B , ε B is a coalgebra in ( It is straightforward to prove that π is multiplicative, comultiplicative, counitary and unitary i.e.
Using these equalities plus (38), one easily gets that the cocycle and unitary conditions for ω B follow from the ones of ω H . Now we want to prove that m B is a morphism of coalgebras. It is counitary as
Hence we just have to prove that
where x · B y := m B (x ⊗ y) and x 1 ⊗ x 2 := ∆ B (x) , for all x, y ∈ B. Equivalently we will prove that
YD is a pre-braided monoidal category and (R, ∆ R , ε R ) is a coalgebra in this category, then we can define two morphisms ∆ R⊗R and ε R⊗R in
Explicitly we obtain
Consider the canonical maps
It remains to prove that
First, one checks that (m B ⊗ m B ) ∆ B⊗B is H-balanced. Hence there is a unique map ζ :
Our aim is to prove that (43) holds i.e. that
Since χ F (R),F (R) is an epimorphism, the latter displayed equality is equivalent to
One proves that ζ (x ⊗ H y) ∈ B H B. Then there is a unique map ζ
Hence (44) is equivalent to
It is straightforward to prove that ζ ′ is right H-linear. Thus it suffices to check that (45) holds on elements of the form (r ⊗ s) ⊗ 1 H . Thus, for r, s ∈ R, h ∈ H
Hence we have proved that (45) holds and hence (43) is fulfilled. Thus, from (42), we can conclude that m B is a coalgebra morphism. Finally, it is easy to prove that u B is a coalgebra map. 
Proof. The proof that σ is a morphism of dual quasi-bialgebras is straightforward.
The map π is a morphism of dual quasi-bialgebras in view of (38) and (40). Finally, we have
is an algebra morphism in (
The compatibility of m R with ε R and the fact that u R is a coalgebra morphism can be easily proved.
Applications
Here we collect some applications of the results of the previous sections.
6.1. The associated graded coalgebra.
Example 6.1. Let (A, m A , u A , ∆ A , ε A , ω A ) be a dual quasi-bialgebra with the dual Chevalley property i.e. such that the coradical H of A is a dual quasi-subbialgebra of A. Since A is an ordinary coalgebra, we can consider the associated graded coalgebra grA := n∈N gr n A where gr n A := A n A n−1 .
Here A −1 := {0} and, for all n ≥ 0, A n is the nth term of the coradical filtration of A. The coalgebra structure of grA is given as follows. The nth graded component of the counit is the map ε Proof. The proof of the facts that m grA and u grA are well-defined, are coalgebra maps and that m grA is unitary is analogous to the classical case, and depend on the fact that the coradical filtration is an algebra filtration. This can be proved mimicking [Mo, Lemma 5.2.8] . The cocycle condition and the quasi-associativity of m grA are straightforward. 6.2. On pointed dual quasi-bialgebras. We conclude this section considering the pointed case.
Lemma 6.6. Let G be a monoid and consider the monoid algebra H := kG. Suppose there is a map ω ∈ (H ⊗ H ⊗ H) * such that (H, ω) is a dual quasi-bialgebra. Then (H, ω) has a preantipode S if and only if G is a group. In this case
Proof. Suppose that S is a preantipode for (H, ω). Since H is a cocommutative ordinary bialgebra, by Theorem 2.16, we have that kG is an ordinary Hopf algebra, where the antipode is defined, for all g ∈ G, by
Moreover one has S = εS * s. Now, since kG is a Hopf algebra, one has that the set of grouplike elements in kG, namely G itself, form a group, where g −1 := s(g), for all g ∈ G. Now, since s is an anti-coalgebra map, we have
The other implication is trivial (see [AP, Example 3.14] ).
The motivation for the previous result is Corollary 6.9 below.
Proposition 6.7. Let (A, m, u, ∆, ε, ω) be a dual quasi-bialgebra. Then the set of grouplike elements G (A) of A is a monoid and the monoid algebra kG (A) is a dual quasi-subbialgebra of A.
Proof. It is straightforward.
Corollary 6.8. Let (A, m, u, ∆, ε, ω) be a pointed dual quasi-bialgebra. Then A 0 = kG (A) is a dual quasi-subbialgebra of A.
Proof. By Remark 2.19, A 0 = kG (A) . In view of Proposition 6.7, we conclude.
Corollary 6.9. Let (A, m, u, ∆, ε, ω, s, α, β) be a pointed dual quasi-Hopf algebra. Then G (A) is a group and A 0 = kG (A) is a dual quasi-Hopf algebra with respect to the induced structures.
Proof. Set G := G (A). By Corollary 6.8, A 0 = kG is a dual quasi-subbialgebra of A. It remains to check that the antipode on A induces an antipode on A 0 . We have ∆s(g) = s(g 2 ) ⊗ s(g 1 ) = s(g) ⊗ s(g), εs(g) = ε(g) = 1, i.e. s(g) ∈ G, for any g ∈ G. Let s 0 , α 0 , β 0 , ω 0 , m 0 , u 0 , ∆ 0 , ε 0 be the induced maps from s, α, β, ω, m, u, ∆, ε, respectively. It is then clear from the definition that A 0 , with respect to these structures, is a dual quasi-Hopf algebra. Since any dual quasi-Hopf algebra has a preantipode, by Lemma 6.6, G is a group.
Pointed dual quasi-Hopf algebras have been investigated also in [Hu1, page 2] under the name of pointed Majid algebras. In view of Corollary 6.9, which seems to be implicitly assumed in [Hu1,  page 2], we can apply Corollary 6.4 to obtain the following result.
Theorem 6.10. Let A be a pointed dual quasi-Hopf algebra. Then grA is isomorphic to R#kG (A) as dual quasi-bialgebra where R is the diagram of A.
